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EXPONENTIAL STABILIZATION OF NON-LINEAR STOCHASTIC SYSTEMS®

V.A. UGRINOVSKII

We consider the stabilization of non-linear systems whose parameters are
subjected to "white noise". For stochastic systems with non-linear
feedback, we derive sufficient (frequency-domain) conditions of exponential
stabilization by a controller that uses information about the system
output (incomplete system state information). The problem of the
stabilization of linear stochastic systems has been studied in some detail
/1-3/. Yet for non-linear stochastic systems we only have general
theorems that reduce the stabilization problem to finding a stochastic
Lyapunov function /4, 5/.

In this paper, we derive sufficient conditions of exponential
stabilization by methods of the theory of absolute stochastic stability.
The advantages of these methods are well-known: the specific Lyapunov
function is not required, and its existence in the class of functions
"quadratic form plus integrals over non-linearitles" is easily checked
/6/. The latest results of this theory for stochastic systems /7/ make
it possible to solve the stabilization problem for a wide class of non-
linear systems with parametric disturbances.

1. Formulation of the problem. we consider a controllable dynamic system described
by Ito's differential equation

xr = (AO =+ EAIU)].) x + (bo -+ Eb,w,') u - (11)
(90 + Z9w)) @ (0), 0 =v*z

Here z is the n-dimensional state vector, u is the d-dimensional control vector, o is
the I[-dimensional vector of observed variables, ¢ is the m~dimensional vector function
describing the non-linear feedback or allowing for other non-linear effects in the system,
Ay by, qy (= 0,1,...,5) are appropriately dimensioned constant matrices, and wy(j=1, ...,
s) are independent standard Wiener processes; here and henceforth, summation is over j from
j=1 to j=s, unless otherwise stated.

The class of admissible non-linear functions ¢ (6) is described in accordance with the
general theory of absolute stability /6/. Let

Fy (0, 2, ¢, 9) = o*ro + 20°pg + ¢*gp — Z/,*6p (1.2)
fy=diag [AJA*), Aj=v*(Axz+q@), T=1....5

The symbol diagl-] is the vector formed from the main diagonal elements of the matrix
in brackets: f, (j=1, ..., s) are I-dimensional vectors, and ¢ is an m-dimensional vector.
The real matrices r=r* p, g =¢%* 0 are I X [l,l X m mXm, | Xm respectively. We assume
that the matrix 0 satisfies the following conditions: a) it is non-zero only when v*b; =0
for all j=1, ...,s; b) if condition a) holds, then the element 0,; of the matrix 6 may be
non-zero only if ¢; is a continuously differentiable function of a single variable o, the
k-th component of the vector O.

We assume that the non-linearity ¢ satisfies the condition
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Fifo, 2,4 (o). ¢ (0)=.0, o= v*x, ¢(0)=0 (1.3)

(¢’ (0) is the vector whose i-th component is equal to dg/doy if Oy; 5% 0 or O if 8,; - U).
Moreover, let the (m X l) matrix p be such that if 0,; 5= 0, then pi; - O for js=h, 1. j-.
!, and let the linear function po satisfy the inequality (1.3) and the function ¢ have the
property

da

20kiS‘P1 (B) dE < Bpjp0®, o= R (1.4)

[

The class of admissible non-linearities consists of all the continuous functions ¢ (o)
that satisfy (1.3) and (1.4).

We consider the problem of exponential stabilization (in mean square /1-4/ or with
probability 1 /4, 5/) of the non-linear system (l.1) with admissible non-linearity ¢ when the
information about the state z is incomplete and only the output ¢ is observable.

In what follows, we solve this problem using the controller

2= (Ag + qouv*) 2 — byu -+ C (0 — v*z), u — K*z (1.5)

(z is a n-dimensional vector and K, ( are constant n X d and n X ! matrices, respectively).

The contoller (1.5) was used in /1, 2/ to stabjilize the linear system (we call it system
A) obtained from (l.1l) by substituting @ = uo ., It clearly belongs to the class of systems
considered in this paper. The assumption that the controller (1.5) exponentially stabilizes
the system A in mean square is central to our analysis. This assumption can be checked for
given K, C wusing the results of /1, 2/, which also enable us to choose "optimal” values of
these parameters. The system A is essentially a linear comparison system for the class of
non-linear system (l.1).

2. Sufficient conditions of stabilization. we will now give the general con-
ditions when the controller (l1.5) exponentially stabilizes system (1.1).
let e = r — z. Subtracting the first relation in (1.5) term by term from (l.l), substi-
tuting the second relation from (1.5), and setting z = x — &, we obtain an equation in the
unknown &.
& = (A + gopv* — Cv* — ZU %)) € — qopo + (2.1)
(Z(A; + bK*)yu, ) x -+ (g9 + Zqjw)) @ (0)

Eqgs.(1.1), (2.1) form a closed non-linear system of stochastic equations of the form

¥ = (B + ZBu))y + (Do + ZDjwj) g (o). o = 'y (2.2)
y=—=col (ry, ..., 7, €,...,8)
Ao+ an‘ _boK‘ 5 ﬂ%k
Bo= Bolw) __“ — golv*  Ag - gopv* — OV’ * gl
vl A;+ bK* — bK* q;
"=lojr %74, bk —bKe|T T g,
]:1, s

Exponential stabilization of system (l1.l) by the controller (1.5) is equivalent to
global stability of the equilibrium of the Ito Eq.(2.2). The theory of global absolute
stability for equations of the form (2.2) was developed in /7/*. Theorem 1 below follows
from this theory as it applies to our particular problem. In order to state the theorem, we
will need the following notation .

R=nm* Q=mp+ Be*0, G =g+ 8**Dy + Do*n8 (2.3)
F (y, v) = y*Ry + 2y*Qv + v*Gv, ye= R™, v=R™

Let y(t) be a path of the equation

Y ={(By + ZBw/)y+ (Do + EDw/)v (), y(0)=0 2.4)
which is obtained from (2.2) by cutting the non-linear feedback loop » = ¢ (0). As a result,
we obtain a linear system (2.4) controlled by the stochastic process v (i). The set of

admissible controls V consists of v (-) satisfying the following conditions:
a) the process vV (f) and the corresponding solution of problem (2.4), y(t) , are con-
sistent with the stream of ¢-algebras induced by the Wiener processes w;(t) (i =1,...,5),t >0 /4/;

*See also Brusin V.A. and Ugrinovskii V.A., Stability of stationary motions of systems with
parametric disturbances, Preprint 220, Gor'kii: NIRFI (1986).
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b) the following inequalities hold (F is the expectation symbol):
CElvmpar< + %, §Ely@Pd<+
[ 0
Theorem 1. Assume that the controller (1.5) mean-square exponentially stabilizes the
linear system A and, moreover, there is e >0 such that

ESF@. vmpat=el Elv@ypd, voev (2.5)

Then this controller also mean-square exponentially stabilizes system (1.1).
This assertion follows directly from the exponential stability theorem (see the work
cited in the footnote), which claims that under our assumptions the function

Oy

y*Hy + 2204 § o ®)at
ik 9

is a stochastic Lyapunov function for Eq.(2.2). The existence of a Lyapunov function of this
form also ensures exponential stabilization of (1.1) with probability 1 (see Theorem 5.8.1
/4/)

[z ()] < const-e¥, |e ()| < const-e¥ (dy > 0) (2.6)

The constant in (2.6) is almost surely finite and is determined by the initial value
z (0), z (0). (Lyapunov-type theorems of stabilization with probability 1 are also given in /5/).
Theorem 1 covers a wide class of controllable dynamic systems with parametric disturbance.
As we show below, special estimates of the integral on the left-hand side of (2.5) can be
used to obtain frequency~domain stabilization conditions from Theorem 1.

3. Stabilization of a system with interference in the feedback loop.
Consider a system of the form

= Aoz + bou + (g0 + qwy) ¢ (0), = v*z (3.1)
0L p(a)oChat, o220 (3.2)

{the output ¢ and the function ¢ are both scalar, | =m = 1).

The frequency-domain corollary of Theorem 1 is obtained in three stages. 1In the first
stage, we choose a linear comparison system of the form of the system A with its stabilizing
controller (1.5). As the comparison system, we take the linear system obtained from (3.1)
by substituting ¢ = ho (this function satisfies conditions (3.2)),

z = (Ao + qohv* + ghv*w,) z + bu, o = v*z (3.3)

The stabilizability of this system by the controller (1.5) (with the parameter p equal
to h) is equivalent to exponential stability of the trivial solution of the linear equation

y =Py +hDow,’', 6 =n*, P=B,(h) +hDn* (3.4)

An algebraic criterion of mean-square stability for Eq.(3.4) is given in /8/. The
controller parameters K, C should be chosen from this criterion. The matrix P, and also
Ao + qohv* + boK*, A, + gohv* — Cv* are necessarily Hurwitz matrices. Let K,C be such that
B, (k) 1is also a Hurwitz matrix. As we will see below, these assumptions add nothing new to
our previous assumptions: the location of the spectrum of the matrix B, to the left of the
imaginary axis is a necessary condition for stabilization by the controller (l1.5) of system
(3.1) with ¢ =0 contained in the class of systems that we seek to stabilize.

In the second stage, we describe the class of admissible non-linearities (3.2) by
inequalities of the form (1.3), (1.4). Any function ¢ satisfying (3.2) obviously satisfies
the inequalities

[
U ehd'
S o — 00— 0w e <0 8{o@dE< T 3.5)
[1)
for any 6 > 0.
We can now formulate a frequency-domain condition which ensures that inequality (2.5)



14

holds. This is the third and final stage in deriving the "frequency-domain" stabilization
theorem.
Let
®; (M) = (M — Be)y'\Dj. x; (&) = n*x; (&), j - 0.1

Theorem 2. Assume that the triple of matrices (A, by, v) is controllable and observable;
the parameter p is equal to h, and the matrices K,( are chosen so that the controller (1.5)
exponentially stabilizes the linear system (3.3) in mean square; the eigenvalues of the matrix
B, for these parameter values lie to the left of the imaginary axis. For some 6 -~ 0,¢7-0,
let
1/h — 28'h — Re (1 - 2iw8) o (iw) = ¢, Vo = (— o, -+ o) (3.6)

(the number P is defined by (3.7) below).

Then the controller (1.5) with these pu, K, C exponentially stabilizes system (3.1) (in
mean square and with probability 1 in the sense of (2.6)) with any function ¢ (o) satisfying
condition (3.2).

Proof. 1f we cut the non-linear feedback loop in system (3.1), (2.1), we obtain a linear
controllable dynamic system of the form (2.5).

YV =By + Do+ Dpw', v =v (1), y(0) =0, 0 = n*y (1)

By assumption, if v& V, then E|v|* E|y(t)]*, E|o(!)]* are Lebesgue integrable on
[0, +0). Let wv(t),y(t), and g (t) vanish for (< 0. Then the Fourier-Laplace transforms
of these processes are related by the identities

yr (i) = %y (i0)vp (o) + %, (o) (io), oF (i) =
%o (i@)p (i0) + % (i0)] (ie)
J (i0) = v(tyemotaw, (1)

0

(the subscript F denotes the Fourier transform of the corresponding process). These identities
lead to
y)y =y ) +u, (1)

b= { Rex,(0)or(i0)do, 4, ()= § Rex ()7 (0)da

-

By (3.5), the coefficients of the quadratic form F (2.3) are given by

1
R—=0, Q =——5n+08m 6= +20(v’g,)

Bz § 10% Go)do @3.7)

The integral (3.7) is finite, since the eigenvalues of the matrix B, lie to the left of
the imaginary axis. From the above representation of y(f) and the inequality 2y,*Qv >
—B~1| Qy, |* — B+ | v |* , we obtain the bound

®

S EF@®, vandt > EF (1), vy dr — 38

b1 {§ Elon (Pt + 8§ Elo@ypar) =

§EP o () o)~ 2% v at

]

(The last equality is based on the properties of Ito integrals). Fourier transforming the
right-hand side of (3.8), using Parseval's equality and inequality (3.6), we obtain the theorem.
The theorem is proved.

Theorem 2 applies to monotone arbitrarily rapidly increasing non-linearities. The case
¢ {d is covered by Theorem 3 (see below), and positivity of ¢’ is not required.
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Now let p =0. The value of the matrix B, and %, (A), ¥;(A) (j = 0,1), p are changed accord-
ingly.

Theorem 3. Assume that the triple of matrices (A4, by, ¥) 1s controllable and observable;
the parameters in the controller (1.5) have been chosen so that p =0, and the eigenvalues
of the matrices A, + bK*, 4, — Cv* lie in the complex plane to the left of the imaginary axis.
For some 60,6>0, let

t/h + 8 (v*q,)'d — 28'» — Re (1 — 2i08)x, (i0) > e, Vo = R (3.9)

Under these conditions, the controller (1.5) exponentially stabilizes system (3.1).

Conditions (3.6), (3.9) are analogous to Popov's frequency-domain condition from the
theory of absolute stability and has the same geometrical interpretation /6/: the hodograph
of the modified frequency characteristic X = —Re ¥, (iv), ¥ = —0 Im ¥, (i®) lies strictly to
the right of the Popov line 1/h; 4+ X + 26Y = 0. fThe value of h, is obtained from Theorem 2.3:

1/h, = 1/h — 2B*s for condition (3.6)

1/hy = 1/h + 0 (v*q,)*d — 2p*+ for condition (3.9)

This interpretation may be useful in many applications, e.g., when studying the robustness
of the stabilizability properties to interference (robustness estimates of the stabilization
system) .

Example. 1t is required to stabilize the system

o't +o=90+Ppm=9@©@01+ @)+ u {3.10)
4>0, 1 <a<<0, >0, A< —2a(1+ 2af + f%) < B

with the function ¢ satisfying inequalities (3.2).

Given this relationship of the parameters in the uncontrolled system (u:=0), all the
linear systems of this class prove to be unstable. Using Popov's frequency-domain criterion
/6/, we can show that without interference (¢g=0), the stabilizing controller for (3.l10),
(3.2) has the form

o' =p;tc(0—0y) p + 2ap + 0y =1, {3.11)
"+ By = ho; + u, u = ko,

with appropriately chosen &,c. Thus, for a= —02, =2k =0.2 we may take k= 1.681,¢c = 2.
Analysis of the closed-loop system (3.10), (3.1l) based on Theorem 2 shows that for ¢<¢° =0.77
the controller (3.1l1) also exponentially stabilizes system (3.10) both in mean square and with
probability 1, i.e., the controller (3.11l) is robust to "white noise" of intensity not ex-
ceeding ¢ The values of the parameters 9,4, corresponding to this threshold intensity which
ensure that the frequency-domain condition (3.6) holds are € = 0.6, b, = 0.264,

4, Stabilization of a system with interference in the system and the control
channel. Let us derive a frequency-domain corollary of Theorem 1 for Ito systems of the form

T = (4o + Aw)z + (by + bywy)u + 9P (0), 0 = v*z (4.1)

with scalar ¢ and ¢; w,, w; are independent scalar standard Wiener processes. We assume that
v*bh, = 0 and that the non-linear function ¢ (o) has the properties

g

M <oEo<hot ¥>0. Jo®A<IE, nelh bl @2

[

Clearly, every function ¢ satisfying these constraints is contained in the set of
functions defined by the inequality

(9 — 710)(@ — hyo) — 8 (v*4,2)'¢" 0,0 >0 (4.3)
Following the procedure of Sects.l-3, we take the linear comparison system in the form
7' = (Ay + Awy)z + (b + byoy)u, Ay = Ay + gopv* (4.4)

which is obtained from (4.1) by substituting ¢ = po. This substitution satisfies the con-
ditions (4.3). The parameters of the controller (1.5) stabilizing system (4.4) are chosen
following the suggestions of /1, 2/.
In order to derive the frequency-domain corollary of Theorem 1, we will need an auxiliary
lemma.
Let
P = By (n) + pDem*, R, = (b — p)(hy — u) — OpB,*nn*B, (4.5)
Qy = [—(h, + h)/2 + pln + 8P*n, G, = 1 — & + 20 (voq,),
0<eg
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Let || -l be the spectral matrix norm in the space of (2n X 2n) matrices induced by the
Euclidian norm in R?* /9/, and let the spectrum of the matrix P lie in the region Re7 . —z.
a >0 and |lexp (P)ll<<p exp (—at), p > 0.

We know /9/ that the matrix equations

P*Hy + HoP = y710,00*, v > 0
P¥Ty i- ToP - —B*H.B, — B,*H,B, — R,
P*T = TP = —B*Ty B, — BT, By, k 1

-
PO
~1

— =

have unique symmetric solutions H,, I,k -0, where H,<{0 since Q,0,* >0 and Tp =0
since R, (0.

Lemma., Let B = p?(li B,I1*> 4 1| B,|I*)/22. Under the above assumptions, the equation

P*H - HP 4 & (B)*HB, - B,HB,) = —B\*H,B, — B,*H.B, — R, (4.8)
has a unique solution H = H* < 0 which is representable in series form as
H=T,+ 76+ T,62+ ... (4.9)

The series is convergent in the circle |§| << 1/f-

Proof. The fact that the series (4.9) satisfies (4.8) can be checked by direct substi-
tution. Convergence of the series (4.9) in any norm is equivalent to the convergence of the
numerical series

cy, Toy> + <y, Tyyrd = <y, Tpyob2 — ...

We may take |y - i. The radius of convergence of the last series is r = 1/lim [y, Txyol¥
as k —-i-00. By the bound |y*Tw|<P17,l, wehave r>1/B, which it was required to prove.
Now let H be the solution of Eq.(4.8), M = —P*H — HP, MO0, % (&) = (M — P)'D,,

Xy (M), % (R) = (A — P)YIBy (j =1,2).
Theorem 4. Let the triple of matrices (A,, b;,, v) be controllable and observable; let

the parameters of the controller (1.5) be such that it stabilizes the system (4.4). Let f,y
be the numbers from the lemma; vy, >0 and 1 - 1/y, <1/ &> 0 is such that

1 — 79— (1 5 3) Rexy* (i0)Mx, (io) — Re (b, + hy — (4.10)
21 - 2iwd)y (iw) .- €, Vo = (—oo, +o0)

Under these conditions, the controller (1.5) stabilizes the non-linear system (4.1) with
an arbitrary non-linearity satisfying (4.2).

Proof. A necessary condition for stabilization of system (4.4) by the controller (1.5)
is that the eigenvalues of the matrix P (4.5) are located so that Rel, { —a (da > 0). Then
for some p >0, | exp (P?)]l < p exp (—at).

Substituting v, = v — po, we reduce Eq.(2.4) to the form

¥V = Py + Do, + (B’ -+ Bawy)y, ¢ =n%, y(0) =0

Processes satisfying this equation have Fourier-Laplace transforms related by the identity
(since v, = V)

2 o
Yr (i0) = % (10) typ (i0) + D x(10) § y (1) 0t duv, (1)
=1 0

By the assumptions of the theorem, for § =1 + 1/y,, the solution of Eq.(4.8) exists and
the series (4.9) converges. Generalizing the technique of /10/, we can show that

Ey*Myadt > 250 C o (i0) My (i0) E | vrr (1) P do +
I

Sy 8

(14 =) § Bv* B.*HB, + BHBY y i
1)
S E2y*Qhdt > — v S Elvy[*dt "‘% S E {y*(B,*H B, +
0 1]

[
o

BOHBY W dt + 5 § Elwas (i0) ] Re 25, (i) @, do

—o0
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(In /10/ an Ito system with deterministic control is considered. In our case, Uy {i®) funda-
mentally depends on the processes wy, w,, which rules out direct application of the technique
of /10/).

Constructing from (4.3) the quadratic form F and substituting v, = v — pno, we obtain

Fy,v) =y*Ry + 2*Q0 + G v, P+ e|vP=F(y, )+ e|v
where € is the number from (4.10), the matrices R, @,, G, are defined by (4.5). From the
preceding bounds and condition (4.10), we obtain

o

{ BFy @y, v)dt >0, Vo,V

1]

Therefore, condition (2.5) of Theorem 1 is satisfied. By Theorem 1, controller (1.5)
stabilizes system (4.1), (4.2).
I wish to thank V.A. Brusin for suggesting the problem and for useful comments.
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